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CYLINDRICAL SHELLS SUBJECT TO UNIFORM BENDING

MOMENT AROUND AN ELLIPTIC HOLE

M. N. Baru Rao,t T. ArRiMaN and L. H. N. Lee

Department of Aerospace and Mechanical Engineering, University of Notre Dame, Notre Dame. Indiana

Abstract—A theoretical analysis is presented for the membrane and bending stresses around an elliptic hole in
an infinitely long,. thin circular cylindrical shell. The major axis of the elliptic hole is taken to be perpendicular
to shell axis. The shell is loaded by a uniformly distributed bending moment around the elliptic cutout. The
method of solution involves perturbation in a curvature parameter. The results obtained are valid if the hole is
small in size compared to the radius of the cylindrical shell. Expressions for the stresses at the tip of a circum-
ferential and axial crack are also presented.
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NOTATION

lengths of major and minor axes, respectively
periodic Mathieu functions of cosine type and sine type, respectively
3

bending stiffness of shell wall,

Young’s modulus

complex stress—displacement function, (W~ im®) where i = /-1
distance between the foci

Hankel functions of first kind

Bessel functions of the first kind

scale factor for the elliptic coordinates

K = [h*(cosh 2Z —cos 2n)/2]}
uniformly distributed bending moment applied to the edge of the cutout
[12(0 =3}

Er?
bending moments in elliptic coordinates

1201 -+%)

a constant,

modified Mathicu functions

membrane forces in elliptic coordinates

transverse shear forces in elliptic coordinates

radius and thickness of shell, respectively

polar coordinates with center of the hole as origin, r being nondimensionalized through length
of the semi-major axis, a

displacement normal to the middle surface of the shell, positive radially outwards
rectangular coordinates, nondimensionalized through length of the semi-major axis, a

polar coordinates with end of major axis as origin, p being nondimensionalized through length
of the semi-major axis, a

a dimensionless curvature parameter,

2 @121 -3
F= 8 Rt

Euler’s constant, 0-5772. ..
(a—b)fla+b)
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(- stresses in rectangular coordinates
v Poisson’s ratio
D stress function

1. INTRODUCTION

CIrcULAR cylindrical shells having lateral circular or non-circular openings, or intersected
by branching shells are of common occurrence in a large number of engineering installa-
tions such as the fuselage of an aircraft, missile casings, boilers, reactors, deep-diving
vehicles, pressure vessels and interstate oil lines. Although in recent years intensive studies
have been made in this field [1-19] the present status of the area is in major deficiency and
a great deal of theoretical and experimental work is still needed to develop methods of
optimum design for unreinforced and reinforced openings.

Recently Murthy [20] obtained, by a power series expansion technique, the solution
for the membrane and bending stresses around an elliptic hole in an infinitely long cylindri-
cal shell subjected to axial tension. At present, more complete work still remains to be done
regarding holes of various noncircular shapes. An elliptic hole is an important one because
although circular holes are used widely in practice, an elliptic hole may have an advantage
over the circular one in that it reduces the stress concentration. In an earlier paper Ariman
and Rao {21] presented analytical solutions for the membrane and bending stresses around
an elliptic hole in a circular cylindrical shell. The major axis of the ellipse was taken to be
parallel to the axis of the cylinder. The shell was loaded by a uniformly distributed bending
moment around the elliptic cutout.

In this paper, solutions are obtained for the stresses around an elliptic hole in a long,
thin, circular cylindrical shell. The major axis of the ellipse is perpendicular to the shelil
axis. The shell is again loaded by a uniformly distributed bending moment around the edge
of the elliptic cutout. Expressions [or the stresses at the tip of a circumferential and axial
crack are also presented. The method of solution which is similar to that described in
(20, 21] involves a perturbation in a curvature parameter S given by

B = a*[12(1 ~v})]#/8Rt

where 2a is the length of major axis of the ellipse, v represents the Poisson’s ratioand R and ¢
are the radius and the thickness of the cylindrical shell, respectively. This quantity § which is
treated as a dimensionless curvature parameter defines the size of the hole with respect to
the dimensions of the shell. The hole is taken to be small enough so that # « 1. The solutions
are expanded in series in even powers of § and products of In § and even powers of .
These expansions are carried up to terms involving 2 and 8 In §, and terms involving 8*
and higher powers of j} are neglected in comparison with unity. The solutions obtained in
this paper give both the membrane and bending stresses and are valid for all values of
eccentricity of the elliptic hole.

2. FORMULATION OF THE PROBLEM

For a thin circular cylindrical shell the governing complex partial differential equation

of the Donnell theory is given as
_,0*F
V4F + 8lﬂ 25‘;‘2’ =0
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where

F=W-imb, i= /-1
02 &2
(a—w)

m = [1(1 — v}))¥/Ez2.

2
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Here F is the complex displacement function related to the radial displacement W(x, y)
and the stress function ® and E is the Young’s modulus. W(x, y), displacement normal to

the middle surface of the shell, is assumed to be positive radially outward.
In elliptic coordinates (Fig. 1) we have

h ) h
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F1G. 1. Coordinate system.

(2.3)

and the expressions for stress resultants, stress couples and the transverse shears in terms

of F in a general orthogonal curvilinear coordinate system can be written as

l: 0 K o h? 60]

2 —— . e
N, = K62+2 h2§ac 251n2r16'7

o0k’ o0 h?
2
N, = [K P —sin hZCaé 3 —sin 2n— ]
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Ny = —Kl—4[ Kzaa;g) h - sin an? ﬁismh "éfa :I

M, = %[Kz Bag’zV_'_ i ) +(1- )h; sin Zn—aaL:—(l - v)hz sinh 2{%]
M, = % [Kl %;VZVJr v%%) -Q —v)g sin 24‘2—:V+(1 -—v)% sinh 25‘35?]
M,, = D(;(: ) ~K’§;;V l’;-s' h Zé%gj——%isin zn‘;—’!]

0: = 7o (VW)

Q, = Klt)z 6617( W)

where
= [hz(cosh 2¢& —cos 2n)/21%,
3
= i

(2.4)

(2.5

and N,, N,, N, are membrane forces in elliptic coordinates and M;, M,, M,,; Q:, Q,
represent stress couples and the transverse shears, respectively. The positive directions of

these quantities are shown in (Fig. 2).

N

Ne n &7 N ¢
N ~ \//
/ MEMBRANE
FORCES
1 3
Q, y Qe
< M
M e \ X/ €n
M, MOMENTS AND
TRANSVERSE
7 ¢ SHEAR FORCES

FiG. 2. Stress resuitants.



Cylindrical shells subject to uniform bending moment around an elliptic hole 949

The boundary conditions for an infinitely long cylindrical shell having, on its lateral
surface, an elliptic hole subjected to edge loads require that we prescribe N, Ny,, M and
Q¢ (Kirchhoff shear) along the edge of the hole { = {,. In addition, at the two ends of the
shell we must prescribe N, Ng,, M, Q}. In this problem the only load is the uniform edge
moment M, per unit length of the edge of the hole, so that

N,=0
Ny =0

=M até=2¢, (2.6)
Q?=0

=Ng{@=M,=0¢f=0, at{= o0t
where
1 aMg,,

Qf =0ty 27

3. THE SOLUTION

The general solution of equation (2.1) appropriate to a residual problem in which the
edge loads along the hole are symmetrically distributed with respect to the x and y axes
can be expressed in a series form [21].

F= Y (C,+iD)U,+iV,) 3.1

n=0,1.2,..
where
U,;+iVy; = cosh[(1—i)pxIMe4 (&, g)ce, fn, q)
Ujjer+iVyjey = sinh[(1-)BxINeY), (&, g)sey;+ 1(n, q) (3.2)
g =if*h*2a%, j=0,1,2,....

MeNE, q), NeéY), (&, q) are modified Mathieu functions and ce,fn, g), sey;. (1, q) are
penodlc Mathieu functions of cosine and sine types, respectively. C, and D, represent
unknown real constants which must be determined from the first four of the set of boundary
conditions. The conditions at { = oo are already taken care of with the selection of Mathieu
functions MeY) and Nebl), , which tend to zero as ¢ approaches infinity.

It is the desired degree of accuracy that determines the number of terms to be considered
in equation (3.1). In order to determine the stresses up to terms involving 2 and 2 In 8,
it is necessary to consider only the first five terms (n = 0—4). In expanding the solution,
standard expansions for ce,(n, g) and se,(n, q) in powers of g are used [22]. The method of
expansion used for MeY)(, g) and Nebl)., (¢, g) is explained briefly in Appendix 1. In the
neighborhood of the hole (¢ = £,) U, and V, can be expanded for n = 04 in even powers
of §# and products of In f and even powers of 8. Due to the lengthiness of these expressions,

t ¢ = o is here to refer to points at a large enough distance from the hole that the edge effect is negligible.
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they are not given here. Then it is found necessary to select the unknown coefficients C,
and D, also in the form of power series in even powers of § and products of In § and even
powers of f, in the following form:

C, = 8% In BCY’ + B2C{ +

Dy = DQ+B*DP + ...
C,=CP+pCP+ ...

D, = B*In D\ +B*D ...
C, =B InBCY+B*CP+ ...
D, = DY+ B2DP+ ...

Cy = B*CP+ ...

Dy = B2D{'+ ...

C, = B CP+ ...

D, =p*D¥P+ ....

(3.3)

Substituting equation (3.3) and the expressions for U, and ¥, into equation (3.1) and
equating real and imaginary parts we obtain the expressions of W and ® as

e’

W= W,+ ( 2D{»,2’) B? In B+ W, 8% +0(8%) (3.4)

¢ = -Pzgwb,/}z In B +®,8°% +0(8*) (3.9
where
Wo = Wo[DP, CP, DY, &, 1]
W, = WD, CP, DY, O, P, DP, &, 1]
@, = @,[D, C§, C§), CP, DY, €, ¢, 7]
D, = (D, CP, D, C, DY, DY), CP, DY), CP, &, ).

(3.6)

As B — 0, the radial displacement W given by equation (3.4) reduces to that of an infinitely
long plate with an elliptic hole whose boundary is subjected to a uniformly distributed
bending moment. Using the equations (3.4}43.6) and (2.4) the unknown coeflicients can
be evaluated from the first four of the boundary conditions given by equation (2.6). For
brevity the expressions of the unknown coefficients are not presented here.

4. RESULTS AND DISCUSSION

The expressions for N,, N,, N,,, M;, M, M., and Q;, @, can now be obtained by sub-
stituting the expressions for W and @ into equation (2.4). It is of particular interest to
consider N,, membrane force per unit length and M,, stress couple per unit length, along
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the boundary of the hole (¢ = &,)

[Noms = { 48MB*(1+v)
== e 121 = v B+ M@+ D1 ~ 24 cos 27 + 42)
{8, &, V) +Y5AB, A, v) cos 2n+ Y54, v) cos 4n} (4.1)
M .
el = {(3 9)(1—24cos 20+ ;.z)z} {WP )+ YN, v) cos 20

. (1 +v)MB?
TY5, ) cos dnj+ R(u D)1= 27 cos 2 + DA =NB 7

AP, V+YPAA, v) cos 2n + Y4, v) cos 471}] 4.2)

where

w(m) — {7.’.]“( ‘+€)\/2)}[(3+v)+4)u+("‘2“"2v),{2+(—2+2V)}.3+(1—V))A]
+HB+9)+HB =2+ 29T +3(= 14+ 2 + 31 =it + (= 1+ A7)

Yoo = {yq.m(a—;%ﬁ)}Hw3-v)+(—2+2v);.+(1 —v)i?]

+[+H=3=V)+ A+ 130)A+(E = A2 +4(1 = V)A3 + 55~ 1+ )14
Y = B~ 1-Mi+i(~1+)A%]
YO = [(=3—v)+(=T+30)A%+(1+3v)14]
Y = [84-8vi%]
Y9 = [—2(1-v)22]
YO = [(9+6v+ 1)+ (=1 4+2v+13)A+(17+ 18v—=3v?)i2+(7 — 10v + 3v?) 43
+{=T+10v=3v)2 + 2= v+ 20143 + (= 1 + 2r—v?)A%]
Y@ = [(3=2v=v2)+ (=28 = 20W)A+(—2+4v=2v)A2 +(—2-20v+ 6v?)2°
+(— 9+ 14y —=5v) 24 + (6 — 8v+2vH)A%] 4.3)
Y = [(~3+2v+ v)A+(1048v =212 A2 + (5 6v+ VA3 +(— 4+ 4v)2*).

As B — 0, equations (4.1) and (4.2) reduce to the flat plate solutions.
For the case of a circular hole, A = 0 and 5 = n/2—68 where @ is the polar coordinate,
(Fig. 1). Equations (4.1) and (4.2) then become

48MB*H1 +v) ’

T2 =Lt O+ InlB2)

+co0s 20{3 +(y + In[B//2)}] “
MBn(1+v)

-G+ [(3+v)+cos 26(— 1+ V)]. @5

[Nelp=s =

[MB]rsa =-M+
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Here, a, the length of the semi-major axis of the elliptic hole, becomes the radius ot the
circular hole in the limiting case. Equations (4.4) and (4.5) are identical to those obtained in
Ref. [21]. In Figs. 3-5 membrane force N, , perturbation part of the bending moment M,
and the total bending moment M, are plotted as functions of the angular coordinate  and
the geometrical parameters f and A. The perturbation bending moment is defined as‘the
difference between the bending moment in the shell and the moment given by the cor-
responding plate solution.

Figure 3 shows the membrane stress at the hole plotted as a function of 4 and » for
f =02 and v = 0-3. In this figure the curve obtained by i = 0, represents the circuiar
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F1G. 3. Membrane force N, at hole plotted as function of 7 and 4 for § = 0-2,v = 0.3,
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F1G. 4. Perturbation bending moment along n direction at hole plotted as function of n and 4 for 8 = 0.2,
v = 0.3
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~ A=0 CIRCULAR HOLE .
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F1G. 5. Bending moment M, at hole plotted as function of #y and 4 for § = 0.2, v = 0.3,

hole case. It is seen that for a larger eccentricity (A = 0-5), the membrane force N, for the
corresponding circular hole case becomes larger than that of an elliptic hole.

In Fig. 4 the variation of the perturbation bending moment M, at the hole is plotted
as a function of 4 and n for f = 0-2 and v = 0-3. For the elliptic hole with A = 0-5, the
perturbafion bending moment tends to decrease with increasing values of the angular
coordinate #. This is in contrast with the case of the corresponding circular hole. Approxi-
mately for n > 17° the perturbation part of the bending moment M, of the elliptic hole
becomes smaller than that of the circular hole.

Figure 5 represents the variation of the total bending moment M, at the hole as a func-
tion of 1 and n for f = 0-2 and v = 0-3. It is seen that the eccentricity parameter A has a
considerable effect on the bending moment M,. This effect becomes more significant par-
ticularly for n < 40°.

S. CIRCUMFERENTIAL AND AXIAL CRACKS

As a limiting case of the elliptic hole the circumferential and axial cracks may now be
investigated without any major difficulty. Let p and a denote dimensionless polar co-
ordinates with one of the ends of the major axis as the origin, Figs. 1 and 6. W and ®
which are known in elliptic coordinates { and 7 can be expressed in terms of p (p being
nondimensionalized with respect to @) and a by using the expansions in Appendix 2, and
after the substitution of £, = 0 for the case of a crack. In the vicinity of the crack tip where
p « 1, the expressions for W and ® are now obtained by a power series expansion in p.
In these series, terms which are of the order of p? are neglected because they do not give
rise to singular stresses.

1. Circumferential crack, the limiting case of an elliptic hole whose major axis is per-
pendicular to the shell axis. For this case W and ® are given as:

a¥(1+v) M
W= 34y EO A const. + A const. (p cos a)
np? (5+2v+vY) | [p33 a T4y 3a:| 2}
T dxwa—w | V2T 5= —3—Cos - 1
+[ 4 3 Bi—) NG (1 v)cos2 3 C08 5 +0(p?) (5.1)
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L ‘T ‘V 4
r ELLIPTIC BOUNDARY
£ 2,7 CONSTANT
L / ’
f \9 v
i
{ ‘ x
Z'b PARALLEL TO
| SHELL AXIS
T l
4 4 4
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1+4v Ma* ,
T - . t.
d TGN 1 B {A const. + 4 const. (p cos a)
3/2 3
+ 01 +v)+ 201 +v)y +1n([3/2J2))] (\/2) (3 COS +cos —2—} +0(p* )} {5.2)

2. Axial crack, the limiting case of an elliptic hole whose major axis parallef to the shell
axis.t For this case W and @ are given in the following forms

af(l+v) M
T T35y EP

f? (14 2v+5v?) a 7+v  3a
et i Callomrei e o] e

[A const. + A const. (p cos a)

{1+v) Ma?

®= ey

B? {A const.+ A4 const. (p cos «)

5ol s (2] (st o). 50

In equations (5.1}«5.4), the expressions of constants are not given since they do not
contribute to stresses. Membrane forces and bending moments can now be written in

t The expressions of ® and W are derived from those for the case of an elliptic hole whose major axis is
paratlel to the shell axis [21].
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terms of & and W in orthogonal curvilinear coordinates p, « [23].

N, _if1ee 12
L p 0p pzaaz
1 ¢
2 ap
1 8100
Noe = “;fa;(; 6at)

v o B[EW . (1w
ot 6,0 p? ol

+ vBZW
dp?

M gy

D
3
a

a

ap?

£5W+i ;W
p 6p p? oa?

o _{lav)Di(EaW)

2

1 aw

l
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(5.5)

Then the membrane and bending components of stress resultants can be determined from
eguations (5.1)-(5.5). Since for crack problems it is usual to express the stresses in x, y co-
ordinate system, we have the following membrane and bending stresses for the circum-
ferential (case 1) and axial {case 2) cracks.

Membrane stresses:

case (1}

case (2)

Bending stresses {extreme fibers):

case (1)

case (2)

O-im) = anl)o-i’m}
oM = PUgym

{my . pll)(m}
Txy = P m 0"1 2
o = PP

m = P2)m
" = PQg{"

= P)0m
™ = PR,

b) ... plii. (b
oY = Pilo}
() . pii) ()
G'y = Pb 0'2
By _ plit b
Txy) = Pyot1a
a® = piigh

o = PP

T(M P(Z)G-(b)

{5.6)

(5.7)

(5.8)

(5.9}
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where
T \/(lzp) icos;-f- icos 52-]+0(p°) (5.10)
aim = W%i-%m%}m 5—2“]+0(p°)
o = & —7(125)[‘-‘-?:—5”—’ os 3+ (lzv)cos7:|+0( %)
o=+ 3(—‘2;5)[‘3;3"%0 L e ]+0(p) (5.11)
o} =t —7(12;-))[—(7:v)sin;—£—4— i 5—;~]+0(p°)
pp = N P20+ b2+ 08 (512
Py = [l—gff;f—_vz fgf] [ﬁ%%—v—)]ww‘*) (5.14)
A= [1 i;:Zv;(Tiv:)) ng ][tz(?:v)]w(ﬁ ) (5.15)

The positive and negative signs at the beginning of equation (5.11) refer to inner and
outer surfaces of the shell, respectively. EqQuations (5.6)«(5.15) are identical with those
obtained by Foliast [24, 25]. The method of analysis used by Folias involves the solution
of a set of coupled singular integral equations of Cauchy type and is therefore, different
from the one used here.

There are certain interesting features about the stresses near the crack tip :

1. Both membrane and bending stresses at the crack tip exhibit the same kind of
inverse square root singularity as found in plates.

2. Angular distributions of bending and membrane stresses near the crack tip are
dependent on Poisson’s ratio as in the case of plates. It will be recalied that the angular
membrane stress distribution near the crack tip of a circumferential crack in a circular
cylindrical shell subjected to axial tension does not depend on Poisson’s ratio [26].

3. The expressions for bending stresses of case 2 can also be obtained from those for
case 1 by merely replacing the quantity (5+ 2v+v?) appearing in the second term of
equation (5.14) by (1 +2v+ 5v?) and by interchanging ¢’ and ¢¥ in equation (5.8).

t Taking a typographical error in Ref. [24] into account.
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6. CONCLUDING REMARKS

In this paper stresses around an elliptic hole in a circular cylindrical shell are analyzed
by a power series expansion technique. The major axis of the elliptic hole is taken to be
perpendicular to shell axis. The shell is loaded by a uniformly distributed bending moment
around the elliptic cutout. The method of solution involves perturbation in a curvature
parameter f. The results obtained are valid if the hole is small in size compared to the radius
of the cylindrical shell (approximately # < 0-3). The solutions given in this paper are not
restricted to nearly circular elliptic holes [27].

The solutions derived here in the limiting cases reduce to the well known solutions.
As f — 0, the solutions (4.1) and {4.2) reduce to the ones for an elliptic hole in a flat plate
with the same bending moment loading. With 4 = 0 equations (4.1) and (4.2) become the
corresponding expression for the case of a circular hole in the same circular cylindrical
shell. Finally, the expressions for membrane and bending stresses for circumferential
and axial cracks are also presented.

REFERENCES

[1] A. 1. Lur’g, Statics of Thin-Walled Elastic Shells, State Publishing House of Technical and Theoretical
Literature, Moscow, chapter 4, art. 9 (1947) (in Russian).

[2] A. L. Lur'e, Concentration of stresses in the vicinity of an aperture in the surface of a circular cylinder.
Prikl. Mar. Mekh. 16, 397-406 (1946).

[3]1 Ju. A. SHEVLIAKOV and F. S. ZieGEL, Torsion of a cylinder with a hole in the lateral surface. Dop. Akad.
Nauk Ukrain. R.S.R. 41-44 (1954).

{4] D. WiTHUM, Die Kreiszylinderschale mit kreisformigem Ausschnitt unter Schubbeanspruchung. Ing.-Arch.
26, 435-466 (1958).

[5] L. V. KLing, R. C. DixoN, N. F. Jorpan and A, C. ERINGEN, Stresses in Pressurized Cylindrical Shell with
Circular Cutout, General Technology Corporation Technical Report No. 3-1 (1961).

[6] A. K. NagHpi and A. C. ERINGEN, Stress Analysis of a Circular Cylindrical Shell with Circular Cutout,
General Technology Corporation Technical Report No. 3-2 (1963).

[T S. L. Kon. C. C. THieL and A. C. ERINGEN, Computations for Stress and Stress Concentration in a Circular
Cylindrical Shell with Circular Cutout, General Technology Corporation Technical Report No. 3-3 (1963).

[8] C. C. THiEL and A. C. ERINGEN, Stress Concentration in a Capped Circular Cylindrical Shell with Circular
Cutout, General Technology Corporation Technical Report 3-4 (1963).

9] A. K. Nagupiand A, C. ERiNGEN, Stress Concentration in a Capped Circular Cylindrical Shell with Circular
Cutout, General Technology Corporation Technical Report No. 3-5 (1964).

{10] A. C. ErRiNGEN, A. K. NagHDi and C. C. THiEL, State of Stress in a Circular Cylindrical Shell, General
Technology Corporation Technical Report No. 3-6 (1964).

[11] A. C. ERINGEN, A. K. NaGHDI and C. C. THIEL, State of Stress in a Circular Cylindrical Shell with a Circular
Hole, Welding Research Council Bulletin No. 102 (1965).

[12] P. VAN DYKE, Stresses about a Circular Hole in a Cylindrical Shell, Harvard U. Div. of Eng. and Appl. Phy.,
Tech. Rep. No. 21 (1964).

[13] 1. G. LERKERKERKER, On the Stress Distribution in Cylindrical Shells Weakened by a Circular Hole, Ph.D.
dissertation, Tech. University of Delft (1964). .

(14} J. G. LEKKERKERKER, Stress Concentration Around Circular Holes Cylindrical Shells, Proc. the Eleventh
Int. Cong. of Appl. Mech. (1964).

[15) W. REDELBACH, Der Spannungszunstand in Ubergansgebiet einer rechtwingligen Rohrabzweigung. Ing.-
Arch. 30, 293-316 (1961).

[16] A. C. ErRiNGEN and E. S, Sunusl, Stress Distribution at Two Normally Intersecting Cylindrical Shells,

. General Technology Corporation Technical Report No. 3-7 (1965).

{177 A.C.ERINGEN, A. K. NaGHDL §. 8. Manmoop, C. C. THIEL and T. ARIMAN, Analysis of Stress and Deforma-
tion in Two Normally Intersecting Cylindrical Shells Subject to Internal Pressure, General Technology
Corporation Technical Report No. 3-8 (1965).

[18] A. C. ERINGEN, A. K. NAGHDI, 8. S. ManMooD, C. C. THIEL and T. ARIMAN, Stress Concentrations in Two
Normally Intersecting Cylindrical Shells Subject to Internal Pressure, General Technology Corporation.
Technical Report No. 3-9 (1967).



958 M. N. Bapu Rao, T. ARMAN and L. H. N. Lee

[19] A. C. ERINGEN, A. K. NAGHDL S. S. MaHmooD, C. C. THIEL and T. ARIMAN, Welding Research Council
Bulletin No. 139 (1969).

20] V. V. M. MURTHY, Stresses around an elliptic hole in a cylindrical shell. J. appl. Mech. 36, 3946 (1969).

[21] M. N. B. Ra0 and T. ARIMAN, On the stresses around an eiliptic hole in a cylindrical shell. Acta Mech.
to be published.

{22] N. W. McLACHLAN, Theory and Application of Mathieu Functions. Oxford University Press (1951).

[23] V. S. VLassov, dllgemeine Schalentheorie und ihre Anwendung in der Technik. Academic Press (1958).

[24] E. S. Fouias, A circumferential crack in a pressurized cylindrical shell. Int. J. Fracture Mech. 3. 1-12 (1967).

[25] E. S. FouLias. An axial crack in a pressurized cylindrical shell. Ins. J. Fracture Mech. 1, 104-113 (1965).

126] M. V. V. MurTHY and M. N. B. Rao, Stresses in a cylindrical shell weakened by an elliptic hole with major
axis perpendicular to shell axis. J. appl. Mech. 37, 539-541 (1970).

[27] G. N. SaviN and A. N. Guz, On the State of Stress Near Curvilinear Holes in Shells. NASA Tech. Transla-
tion, NASA TTF-423 (1966).

APPENDIX 1
If
Vi=gqte® and V, =qte’,
where
ﬁ2h2
q 2a2 3
then,
Me)é = Y (—DRAGRILVOHP(VY)
K=0,1,2,...
Neto &)= % (= D*BHIPULMHLE (Vo) — Ik (V)HP(V,))]
K=0,1,2,...
(A.1)
ceyn, q) = Z AP cos 2Ky
K=0,1,2,...
seyiern@) = Y BEHIPsinQK+ ).
K=0,1,2,...

Here J and Hy represent Bessel and Hankel functions of the first kind, respectively.
Standard expansions for the characteristic coefficients 4%, B} in powers of g are
available in Ref. [22]. It should be noted that the formulas for Mathieu and modified
Mathieu functions given in this Appendix are the same as those given by MacLachlan [22]
except that they are not normalized. Normalization is not necessary because these functions
are multiplied by arbitrary constants to be determined from boundary conditions.

APPENDIX 2

If p « 1, the following expansions are valid :

cos 2n = 1 —4p sin? O§t+0(;oz)

e~ 2 = 1—2\/(2p)cos;+4p coszg——\/lzp Cos = (1+4cos —) +0(p?)



Cylindrical shells subject to uniform bending moment around an elliptic hole 959

e¥ =142 4
+ \/(2p)cos +4p cos? 2 \/2p cos

1+4 cos? —) +0(p?)

\/(Zp)cosz 6\/2;) cos———+0(p2) (A.2)

Expansions for other functions of £ and n which are required can easily be derived from
equation (A.2).
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AGcrpaxT—/IaéTcs TEOPETHYECKHH aHAN3 INA HaNpAXeHUit B 6€3MOMEHTHOM COCTORHHH H HanNpMKCHHH
OT H3ruba, BOKPYT 3JUTHIITHYECKOTO OTBEPCTHA, B GECKOHEYHO ANMHHON, TOHKON , KPYTTION LIMTHHAPHYECKOH
obonouxe. Bonblias OCh MIMNTHYECKOTO OTBEPCTHS MNEPNEHAMKYIAPHA K OcH obonouku. O6onouka
HarpyeHa paBHOMEPHO pacnpenenéHHbiM MOMEHTOM H3ruba, BOKpYr J/I/IMNPTHYECKOrO KOHTYpa. Merton
PELICHHA 3AK/IIOMaET BO3MYILCHHE B NMApPaMETPe KPHBH3IHbI. [lonyuyeHHbIE PELICHHA KBNAIOTCH BAXKHBIMH
INS CAyYas MaJIOrO OTBETCTHS, [0 CPABHEHHIO C PAAMYCOM LIMIHHAPHYCCKOH otoonoukn. HaioTcs Takxke
BbIPAXKCHUS /1A HANPSIKEHUIt B BEPUIMHE OKPYXKHOR M OCeBOit LICTH.



